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Abstract 
During their operation, modern aircraft engine components are subjected to increasingly demanding operating conditions, 
especially the high pressure turbine (HPT) blades. Such conditions cause these parts to undergo different types of time-dependent 
degradation, one of which is creep. A model using the finite element method (FEM) was developed, in order to be able to predict 
the creep behaviour of HPT blades. Flight data records (FDR) for a specific aircraft, provided by a commercial aviation 
company, were used to obtain thermal and mechanical data for three different flight cycles. In order to create the 3D model 
needed for the FEM analysis, a HPT blade scrap was scanned, and its chemical composition and material properties were 
obtained. The data that was gathered was fed into the FEM model and different simulations were run, first with a simplified 3D 
rectangular block shape, in order to better establish the model, and then with the real 3D mesh obtained from the blade scrap. The 
overall expected behaviour in terms of displacement was observed, in particular at the trailing edge of the blade. Therefore such a 
model can be useful in the goal of predicting turbine blade life, given a set of FDR data. 
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Abstract 
In order to guarantee a fatigue lifetime with a conventional and low probability of failure, a probabilistic fatigue assessment diagram 
is proposed as a tool. The safe domain is lim ted by he fatigue failure assessment curve, which depends on material properties 
through Basquin’s exponent, endurance limit and low cycle fatigue domain . From the double-truncated distribution of the targeted 
maximum applied stress, it is possible to find the failure probability and its associated safety factor. An example of an aeronautical 
component made of TA6V titanium alloy welded by laser and exhibiting an undercut at the weld toe is given. 
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1. Introduction 
The Failure Assessment Diagram (FAD) is a tool for failure analysis and is part of several standards and norms 
[SINTAP (1999)]. In the deterministic case, the results are in the form of failure or no failure. However, the FAD was 
originally designed for deterministic input information, while realistic assumptions require the consideration of 
uncertainties. Therefore, the fracture mechanics approach is associated with Monte Carlo [Pluvinage and Schmitt 
(2014)] simulation, which takes into account the uncertainties of statistical distributions. The result of such an analysis 
is a quantitative assessment in terms of probability of failure. In the FAD, a defect in a structure submitted to loading 
is represented by an assessment point with coordinates, the non-dimensional load and the non-dimensional crack 
driving force. The position of this ass ssment point that is behind or below the failure assessment curve defines the 
 
 
* Corresponding author. 
E-mail address: pluvinage@cegetel.net  
 
Available online at www.sciencedirect.com 
ScienceDirect 
Structural Integrity Procedia 00 (2016) 000–000  
www.elsevier.com/locate/procedia 
 
2452-3216 © 2016 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the Scientific Committee of ECF21.  
21st European Conference on Fracture, ECF21, 20-24 June 2016, Catania, Italy 
A Probabilistic Fatigue Assessment Diagram To Get A Guaranteed 
Lifetime With A Low Probability Of Failure 
S. Jallouf,a G. Pluvinage,b K. Casavola,a and C. Pappaletterea* 
a Politecnico di Bari Bari (Italy) 
b FM.C Silly-sur-Nied 57530 (France) 
Abstract 
In order to guarantee a fatigue lifeti e with a conventional and low probability of failure, a probabilistic fatigue assessment diagram 
is proposed as a tool. The safe domain is limited by the fatigue failure assessment curve, which depends on material properties 
through Basquin’s exponent, endurance limit and low cycle fatigue domain . From the double-truncated distribution of the targeted 
maximum applied stress, it is possible to find the failure probability and its associated safety factor. An example of an aeronautical 
component made of TA6V titanium alloy welded by laser and exhibiting an undercut at the weld toe is given. 
 
© 2016 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the Scientific Committee of ECF21. 
 
1. Introduction 
The Failure Assessment Diagram (FAD) is a tool for failure analysis and is part of sev ral standards and norm  
[SINTAP (1999)]. In the t r i i ti  case, the results are in th  form of failure or no failure. How ver, the FAD was 
origin lly design d for det rministic input informati n, while realistic assumptions require the consideration of 
uncertainties. Therefore, the fracture mechanics approach is associated with Monte Carlo [Pluvinage and Schmitt 
(2014)] simulation, which takes into accou t the uncert inties of statistical distributions. The result of such an an lysis 
i  a quantitative assessm nt in terms of probability of failure. I  the FAD, a defect in  structure sub itted to loading 
is r present d by an assessment point with coordi ates, the non- imensional load and the non-dimensional crack 
driving force. The position of this assessment point that is behind or below the failure assessment curve defines the 
 
 
* Corresponding author. 
E-mail address: pluvinage@cegetel.net  
Copyright © 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY-NC-ND license  
(http://creativecommons.org/licenses/by-nc-nd/4.0/).
Peer-review under responsibility of the Scientific Committee of ECF21.
2448 S. Jallouf et al. / Procedia Structural Integrity 2 (2016) 2447–24552 Author name / Structural Integrity Procedia  00 (2016) 000–000 
limit state of the structure: failure or non-failure. The position of the assessment point on the FAD allows the safety 
factor or the probability of failure to be determined [Pluvinage and Schmitt (2014)]. The failure assessment curve is 
the lower bound of several fracture tests.  An extension of FAD is possible by using a Fatigue Assessment Diagram 
(fAD). Therefore the assessment point has coordinates : the non-dimensional load and the applied number of cycles. 
The fatigue assessment curve is based on Basquin’s fatigue law in a limited domain: 
 
  ,           max u uif N N  
       '1  if  N bmax f r u dR N N N        (1) 
 ,           max d dif N N   
 
where ߪ௠௔௫ is the maximum applied stress, R the stress ratio,ߪ௙ᇱ the coefficient of Basquin’s law, and b the Basquin’s 
exponent (see Table 1). Nr the number of applied cycles at failure, Nu  number of cycles for the LCF domain (Nu=104 
cycles), Nd  number of cycles for the endurance domain (Nd=107 cycles).  Values of these parameters are given in 
Table 1. 
Table 1: Parameters used for the fatigue failure assessment curve 
 ’f (MPa) -b d (MPa) Nd R 
1068 0,0991 216 107 0.1 
 
The current trend in design codes is to use probabilistic safety factors associated with a given level of probability of 
fatigue failure. Here, the fatigue reference curve is obtained from the mean values and corresponds to a probability P 
= 0.5. The safety factor is defined as the ratio between the value of the mean stress range Pr = 1, N = Nr and the 
value of the applied maximum stress range maxP = P*, N) corresponding to a probability of failure P* for the same 
number of cycles N: 
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Fig.1. Fatigue law used for the fatigue assessment diagramme. 
 
The purpose of a fAD is to design a safety component with a guaranteed lifetime. A guarantee of 100 000 load cycles 
is demanded and is associated with a low probability of failure. Laser welded plates for aeronautic components made 
of TA6V titanium alloy are considered. These plates often exhibit a typical weld defect known as an undercut. Using 
probabilistic fAD , the safety factor associated with the  probability of failure is computed and makes a link between 
 Author name / Structural Integrity Procedia 00 (2016) 000–000  3 
probabilistic and deterministic design.  
A comparison with conventional design against fatigue is made, particularly by introducing a safety factor for the 
stress range and the number of cycles to failure on the fatigue failure curve or by using those provided by   the 
Structural Welding Code – Titanium (2007). 
 
2. Fatigue assessment diagram for TA6V titanium alloy  
 
The fatigue assessment digramme ((fAD) is defined similarly than FAD. The fatigue assessment curve given by 
Basquin’s law in the range ௨ܰ ൏  ൏ ௗܰ, defined the safe and the unsafe domains. The fatigue failure assessment curve depends on the material only through Basquin’s exponent and coefficient and the conventional definition of the 
limits of its validity. 
The fatigue parameter fr  which represents the logarithm of the number of cycles to failure  is plotted versus the loading 
parameter pr :  
 
       10                   r r r u r df log N f P with N N N       (3)  
 
The loading parameter Pr is defined as: 
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The choice of the maximum stress in the definition of the loading parameter is justified by the fact that the computed 
stress distribution gives directly max.  , ,   max u max dand   corresponds to the ultimate and the ezndurance limi maximum 
stress. One notes that the non-dimensional maximum applied stress varies in the range [0–100] by normalization 
within the range   ,   , , .max u Dmax d max   The maximum of the stress cycle is related to the stress range a through the 
stress ratio R: 
  
 / 1max a R            (5) 
 
Fig. 2. Fatigue Assessment Diagram with the fatigue failure assessment curve and the assessment point O; definition of partial safety factors for 
the number of cycles Fs and stress, Fs. 
 
In the fAD, an assessment point O is defined by its coordinates:  
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If the assessment point is below the fatigue assessment curve, the component or structure is safe. If the assessment 
point is located on the fatigue assessment curve, failure will occur by fatigue.  From the assessment point O, it is 
possible to define the partial safety factor for the number of cycle FS,N and the partial safety factor for stress FS
 
, , ; S N SOA OCf fAB CD           (7) 
 
3. Maintenance with  probabilistic fatigue assessment diagram 
3.1 Randomly distributed parameters 
Engineers have gradually realized the disadvantage of following a deterministic approach to design, and this has 
contributed to the development of the reliability concept based on a probabilistic approach. According to the new 
approach, a structure is considered safe if the probability of its failure is lower than a conventionally accepted value 
that depends on many factors like the expected life of the structure, consequences generated by its failure, risks of 
obsolescence, and relevant economic criteria like the costs of replacement and maintenance. Instead of imposing a 
safety factor based on the fatigue resistance of the material, the load, the defect size, or all of them, the probabilistic 
approach introduces the reliability factor or probability of survival as a quantitative criterion. The probability of 
survival Ps is given by: 
 1sP P           (8) 
where P is the probability of failure which is used rather than Ps. In the Monte Carlo [[Pluvinage and Schmitt (2014)]] 
procedure, which is applied to compute the distributions of the maximum stress and number of cycles, the following 
parameters are treated as randomly distributed: Basquin’s coefficient  'f , Basquin’s exponent b, applied maximum 
stress  max , applied number of cycles N, endurance limit D . 
 
Table 2: Randomly distributed parameters and values of coefficients of variation 
Parameters  'f  b   max   D  
Distribution Normal Normal Normal Normal Normal 
CV 0.1 0.1 0.1 0.1 0.1 
 
These randomly distributed parameters are treated as not correlated with one another. The parameters can follow a 
normal, log-normal, or Weibull distribution but the normal distribution has been chosen in this work because it 
generally gives the best confidence for these parameters according to the Anderson-Darling test [Anderson and  
Darling (1954)].  
The coefficient of variation CV is an excellent indicator of the homogeneity of the analysed sample. The material 
properties of this sample are homogeneous if CV < 1/3 and if mechanical tests have been carried out carefully. The 
coefficient of variation is also an excellent indicator of the production quality; thus, in the manufacture of titanium 
alloy, a maximum coefficient of variation of CV = 0.1 is required for the ultimate strength, yield strength, and fracture 
toughness [Johnson et al. (1994)]. For this reason, it is assumed that the same CV value is attributed to fatigue 
properties as an upper limit and for conservative reasons.  
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For each value of the number of cycles to fatigue failure, the maximum stress distribution is computed by Eq. 1 with 
the Monte-Carlo method and with the parameters  'f  and b randomly distributed according to Table 2. Similarly, for 
each value of applied maximum stress, the distribution of the number of cycles to fatigue failure is also computed 
using the same method. 
 
3.2 Double truncated distribution  
In fatigue, one assumes the existence of an endurance limit and a low cycle fatigue domain. Therefore the probability 
of failure is zero if the maximum stress that is less than the maximum stress at the endurance limit and failure occurs 
if the maximum stress reaches max,u  .  
Therefore the stress distribution is double-truncated. A distribution with mean  and standard deviation  is truncated 
and the variable x exists only in the range [a,b]. The truncated distribution is given by the following formula [6]: 
 
      
 
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1
, , , ,  
Φ Φ
xp x a b
b a
     (9) 
 
where  is the probability function and  is the density probability function of the non-truncated distribution.  
A normal truncated stress distribution is also described by: 
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 The mean value of a truncated distribution is given by: 
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Using the Monte Carlo method and Basquin’s law of fatigue and assuming that the different parameters are randomly 
distributed as in Table 2, the distributions of the truncated stress and number of cycles are computed, data obtained 
for TA6V titanium alloy are given in Casavola et al. (2011). 
Here, we assume that the distribution follows the Gaussian or normal law. Table 4 reports, for a given maximum 
stress, the associated mean, standard deviation, and truncated distribution of the number of cycles to failure Nr .  
One notes that the resulting CV is generally higher than 0.1; however the CV of each element of the fatigue law is 
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Using the Monte Carlo method and Basquin’s law of fatigue and assuming that the different parameters are randomly 
distributed as in Table 2, the distributions of the truncated stress and number of cycles are computed, data obtained 
for TA6V titanium alloy are given in Casavola et al. (2011). 
Here, we assume that the distribution follows the Gaussian or normal law. Table 4 reports, for a given maximum 
stress, the associated mean, standard deviation, and truncated distribution of the number of cycles to failure Nr .  
One notes that the resulting CV is generally higher than 0.1; however the CV of each element of the fatigue law is 
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equal to   0.1. CV is not constant and increases when the number of cycles increases. This leads to the conclusion that 
for the same safety factor, the safety factor to get the same probability of fatigue failure increases with the number of 
cycles. One notes from Eq. 13 that the mean values of the truncated distribution are lower than those of the non-
truncated one. The inverse situation is obtained for the standard deviation. The difference is relatively small and is 
less than 15%.            
 
Table 3. Associated mean, standard deviation, and coefficient of variation of the  double-truncated distribution (tr) of maximum stress max  
Nr n-tr tr  tr CV tr 
10 000 476.35  457.7 62.27 0.136 
100 000 379.16  373.0 57.0 0.153 
1 000 000 309.80  307.8 50.3 0.163 
10 000 000 274.83  274.1 40.8 0.179 
 
3.3 Maintenance fatigue assessment diagramme 
It is generally admitted in probabilistic fatigue that the majority of experimental results lie in the scatter band limited 
by the curves relative to the mean ± one or  ±3 standard deviations.   
In a maintenance fatigue assessment diagramme, the probability of failure is plotted versus loading parameter,  through 
iso-cycle fatigue lines corresponding to the mean values of the maximum stress distribution and is associated 
probability P = 0.5.    This graph exhibits 3 zones : the fatigue endurance, the low cycle fatigue and the fatigue zone. 
This kind of graph can be used to guaranty a minimum number of in service loading cycles with a given and 
conventional  probability of fatigue failure.  Fig.3 gives in the case of titanium alloy grade 5, the procedure of 
maintenance with  a  maintenance fatigue assessment diagramme (MfAD). An assessment point has been chosen 
indicates by a black star with a loading parameter ��∗and the targeted guaranty of non-fatigue failure during 105 cycles 
with a probability of 16% () 
 
 Fig. 3.  Maintenance fatigue assessment diagram  (MfAD) in the case of titanium alloy grade 5 
 
A safety factor fs   is defined as the ratio between the loading parameter Pr (P = 0.5) associated with the mean value 
of the double-truncated distribution for the expected life duration and the value Pr (P=P*) associated with  the chosen 
conventional probability of failure  
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In this case the safety factor is simply given by  
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For example, if we intend to guaranty a life duration more than  Nr Cycles with a probability P = 16% (-), the safety 
factor to be applied on the maximum stress is given by Table 4: 
Table 4 : Safety factor associated with a probability of P = 0.16 (-), to guaranty Nr loading cycles 
Nr fs
10000 1.35 
100000 1.69 
1000000 5.46 
10000000 Endurance limit
 
One notes that due the double truncated distribution, the area to guaranty a given number of cycles is limited. Rapidly, 
the assessment point is located in the endurance limit domain which satisfy the maintenance condition by over 
conservatism.  On the other hand for very low probability of failure P <10-2  the maximum permitted value of pr is pr 
=0.5 to avoid the low cycle fatigue domain. The typical use of the maintenance fatigue assessment diagramme is the 
design of non-extreme safety components with low loading conditions such as sails in planes.    
 
4. Application to fatigue emanating from laser undercut in plates made of titanium alloy 
 
TA6V titanium alone is a strong, light metal. It is stronger than common low-carbon steels, but 45% lighter. 
Considerations regarding the lifetime and costs of the structure make this material the preferred option in view of its 
unique mechanical properties. Assessment of the failure risk of this kind of structure, which can have heavy 
environmental, economic, and human consequences, is incorporated in the design.  
Here, titanium alloy (Ti-6Al-4V) laser welded joints are studied. Ti-6Al-4V is an  alloy where aluminium is an 
-stabilizing element and vanadium is a -stabilizing element.  Titanium alloys are used in highly specialized 
engineering applications such as aeronautics. Titanium and its alloys are readily welded with lasers while observing  
some precautions.   
Profiles of the welded laser joint on this titanium alloy were obtained using a profilometer. An example of an undercut 
profile is given in Fig4 and 5 for the laser welding process. The following geometrical characteristics are obtained 
from these profiles: height, width, and weld toe radius measured with the tangent circle method. The selected data are 
indicated in Fig. 5: a = 0.178 mm and 2c = 2.03.  
 
 
Fig.4: Definition of geometrical parameters of an 
undercut. 
 
Fig. 5: Undercut profile of a titanium alloy plate welded by laser. 
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ANSYS FEM software was used with elastic behaviour of the material. The stress distribution was computed for a 
gross stress range corresponding to the expected lifetime about 100 000 cycles of loading (110 000 cycles exactly).   
The Monte Carlo procedure is applied to compute the maximum effective stress distribution obtain by the Volumetric 
Method [7]. The parameters of the fatigue law are treated as randomly distributed and are as shown in Table 2.  An 
example of the cloud of data generated by the Monte Carlo method is given in Fig. 6. 
The distribution is described by the Gaussian distribution which delivers the higher level of confidence. The mean, 
standard deviation, and coefficient of variation for the three cases are reported in Table 5.  
Table 5. Mean Pr,, standard deviation Pr,, and coefficient of variation of the loading parameter Pr of the studied case (110 000 Cycles). 
 Number of cycles to failure  Effective stress (MPa) Pr,  CV 
110000 379 0.588 0.15 
 
One notes that the coefficient of variation is higher (CV = 0.15) than the coefficient of variation of each individual 
parameter of the fatigue law (CV = 0.1)  
According to Eq. 13, the safety factor fs to be applied to obtain the targeted guarantee of Nr cycles without failure with 
a probability of P = 0.16 () increases with Nr as reported in Table 4. 
 
 Fig 6. Cloud of data generated by the Monte Carlo method. Titanium alloy (Ti-6Al-4V) laser welded joint with an undercut. 

For high number of cycles, the value of mean minus one standard deviation is less than endurance limit. Therefore, a 
discontinuity is introduced, the maximum stress is fixed to d and Fs to 1. For expected very low probability of fatigue 
failure, only design using endurance limit analysis is possible.   
 
Conclusion 
 
The probabilistic fatigue assessment diagram is a tool to guarantee a fatigue lifetime with a conventional and low 
probability of failure. The fatigue failure assessment curve depends on material properties through Basquin’s 
exponent, endurance limit and LCF domain of the material. The distribution of the targeted maximum applied stress 
needs to use a double-truncated distribution due to the assumption of the existence of a fatigue limitand a low cycle 
domain. From this truncated distribution, it is possible to find the failure probability and its associated safety factor. 
An example of an aeronautical component made of TA6V titanium alloy welded by laser and exhibiting an undercut 
at the weld toe is given. The requirement of a guarantee of 100 000 cycles without failure with a conventional 
probability of failure leads to a reasonable safety factor lower than the classical deterministic method using endurance 
limit. This method can lead to material and cost savings in some cases. 
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